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r ”~~t i n ~~ nu  ali~or i thm is given for dec iding

I f ri i i  near  ry n t e m  can be built f~’om any
e 1x( ~! l i n ear  component . Finally, a cri terion

i n  ~ i~ ’ r i  fo r  reachabil i ty of the abstract

:‘y ~ ‘ n  i n t r odu c e ] , r~iv ing  thus  a uni f ied
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I lfl’I~OD1.Ji~f r O f 4

~‘.e r i  v~’ in  t h i s  paper ar t  n I n i , r r t c t .  operator approach which  ~ ‘~rrni ts  a

m i  f i r ’  I n t r i  Iv  1 s ync p ” n b l r ’m n n  • l i I ~e rea l i zat ion , for vnr ious  k i n i s  of

I ne ar  n ’,’ t  ‘r n  . ‘flu s a pprnach I mn pr ov er  the one presented in :‘oTT’A~~ Vt ’i I

‘ ‘‘n v i i i  be deli n e l  an  i r r i . p r c n r m r i , ’ c i ions of ’  a i n n  ‘i ’ n yntc ’ r’

— r ’ . i ’ . , ‘ ‘ i  i n ~ r r a t er , u n i t , d e l ay ,  or any fixed l i n e a r  n y n l  • “ •~~~ w i t ~ cee ff i ci er i f ,s

i n  a f’i xe I ‘ o er ’a t ar r i nc  — r ep r e s e n t i n g  themse lves  l iw p . ’ l  or’ l i st r i b u t ed

ci “o ’it n .  A ~r aora l  rea l iza t ion  theorem: “ f i n i t e ly r ea l i z ab l e  ‘ rn tj on ~~l’ “
1: pr c vo l in t h i s  context .

‘~~‘n m : ” i n m ’  ~.n a t  both a les ire l l i n e a r  b e h a v ior  n p i u i ’ i~ ‘ ‘‘n )  1’ a mi I

a Ci xo I n ,y n i . ’n ’ a rc  r i v e n , a n a t u r a l  ques t ion  i n :  can f l~ ’ realize’I U S I  ii’

a i a n  i n  n i ”  p ine rt , We ~‘i ye i n  f lect ion P . ~? an i i  ~ er i , ’ un W 1 I1 eh no

t o  i’l,’ v i’”  f *~ :‘ n n c n t ,j n n .

V i ’  I ” f i n i t i o n  of sy s t e m s  al lows the expl ic i t  co n si l er at i o n

1’ “ tj ”ie ’ ii 
~~~

‘ I a t w i  .“ •‘ nt , ’ i f e s ” . We prove in  such a cont ’’x f , a general

“u ’ ”  m ” i ’ i I i ~ i se  i’ n c l r ’ W i l i t y .

~~~ o n i l  ‘“ i i i  th i n  m e r ’  ar e  Ii  rr ’ct’y r e l a t e]  to t he  t )ieor’y of l inear

n y ’ t i ”  ‘ ever  n ’ ” ”  u t a t i v e __i’in(~s; 4’or instance , t h e  c h a r n c f e r i z .at ,ion of f i n i t e ly

r’~’I l i7a ~~1~ ’ ~ r’~~’v i  ‘r n  an  r at i o na l  impl ies  the possib i l i ty  of e f fec t ive ly

“‘‘an t  r ’ i i c f  i ‘a’ real  I z~’t ,j ’  ‘i n , C • ~i i I lankel—matr ix  tee tm i i i  lu e n  . ~ee ~O NTA G~ 1 ) 1  I

f or  ~ ~~~p”,’e’j of f L e  t i p i  c f s y s te m s over rj n t~s.

±1



1.  ~, t f I : ~:~ I l I I ~~ ’I

i n  n i V n, ’ ’

.~~ 
‘
~ I i i ’ ’ l~ i I ’ i ’  I ‘~i , 1 ¼ t , r ’  i i i ’ :  ( A , II , , ‘l . v i i i ’  II a ‘ u t m i i ’ ’ u t n ,t ive

r i m ’ ’ . A i5  a P— :n’ ~ t i e  ,a i i l  in a 1 l — e u m ’ l ’ t t i ’ a ’ l ’ I u i s n I  ~‘t ’ A , I S

‘ ‘ t i l l “ : , in : ’ i I m e  i i ’  f i t ’ f I i o ’,~ i r i r  r ’ n ’ l i f . i e i m s  I t ’ l l :

i n  t r , an sc e n i o nt a l  ( over 
~~~~~~~~~ 

i .e ., f o r  ‘ I I  1’ , . . ., b i n I] ,

li . / i i  i~ i m ’ r i I A .
1 —— H

( 1 1  l v i i  ~~m t ’,’ ii b I i i  U “ n I  : 1 1 /  it  i mu A .  t , lu ~~i ’r,~ iS
- ‘— -  - —

~~~~~~
- I ii  — -“  - — - - ‘

( m a  ant i ‘ it ~,‘ one v I ii A ~‘a t 13 ’ ,

1’ , y F . . • b 
~
‘‘  u

A n n i ” ’ A .  I ( , i s  “ u ’ i i n s i h l e .  l e n t, ’’ by ~A t h e  j rr , ’ t~~e of ~~
~ t i n  r l r ’ ’ r i ’,’ a b — u o l u l e .  Tire r e st r i c t io n  ‘1’  r ’ ( w b i ’h we shal l

“ i n n  I - , 
~~ i n  a h — ’ -n ’tomorp l i i  sin of A .  It , ( “ 1  low s (‘ r ein

mm I ‘tm ‘ ‘r i ’r ’  :‘ i n  I h ‘ u ;’’-’ I i  ‘ A , , ~ I 5 ’ ’~~n,n ‘ i i  I I  I • . The

‘‘ 51 : 1 , 1 tm l i i i ’ of ’ tm ’ :n I ~ n 
~~ ti m I n  i r ~” 1:; I I : :  i i ’  i ’ m I i  1” tr  ,~~

~~t m - ”  n ’ ’  , ‘ t m ’  ‘ i i ’  I r i r v  i n  , ‘i r i l  we V ’ m ~o~. ” i~ I ’:,’ I~~ 1 . ~Y r e s t r i c t i o n,

we a I so W I ’ j I  I I I  ~ 
(‘or ’ L1 ’’ correspond in~ subr i nt~ r ’f ’  L i i i 

~ 
( I

tm ‘
~~~~ ,

‘, ,  / u j o ’ t i ~~~ !~ in  ‘ comm ’it , ’ t ,  i’j e r,~~~~~ A i s a
p , , , ~~ I , 1: ’ ‘ trairscenclental I — n p  b m n r u r ’ ; ’ i t i n m n  of

1’ . ‘ T I  ‘ : r t  L i t ’ ’  I n  I I ~~
‘
~; l i i i ’ t ’ i , ’ t t ‘ ‘:n I I  I :; : t m r ’ ’ ~~tm t m  I i ’  I ‘ : n t

r I r, 
~ ~

) 1 a I i  mn  i l l

‘b ) I ’ m ’ “ II mm in  :.  a !  I F j m i  ~~~~~ ,
~~ ‘ 1  v i i i

I i ’ ’ ’ I i I  t , ‘ i i

I ’ ’:” I

X i n  A
tm1
. ~~~~~~ ,~~ fl

tmt is Ute

‘‘‘ - i ’ I rn  I. ‘. .‘ i n o e x t a r m : ;  i vii o f ’  p .



‘~~ ~~ ‘‘ ‘I : ’  ‘ ‘ ‘ n I ,’ 0 ‘~~) l  I ’ I r I , A .

el ‘aj~ I’ ’ n m : ’ t i i m ’ ’ I I y I ‘ i r m u f ,i I i m ’ l  t , o t ,l ,e r i r i ~ Of ’

n ’ ’  t i  ‘ r i ”  I ‘ “ a  r’ ;:~~r ’j  t ; ;  i I ~

I •
~~~ ‘ • i l a’pr” ; , th at ,  (“ i i  l i t  u p  in  ( 1  .1)

n f i r  i t , “ 1 1 po I y r  i ’ ‘ iii “ 1 s i n  it nv i rue t i r e  i ‘lent ,  i ~ :j

I i i  ‘~ ‘€‘ im I~ n I , t , ’ m’ i r , : i , ’~~~ bj ,j r r ’I , j  ‘j,’ ‘ mu A. J n ’ i ’,r p ’ I . f~i Ve n  V — i i  i n  A ,
h e r r ’  ~ 5 a j un  i que y in A w t t ~l u y ~ li~ y ‘~ . . . ~ h 0 y  ‘ v;  but

- — b y  — — j~ n — 1
7 \ 1,A . so u r m i ’ n m n ’  s ’ i utj o n s  ex ist ,  j~

• Tb” r~e ’n  I in ’  an tmi r n m n p  ‘ ‘~~ a r at  i orua l scm’ i r s  pj  m w i t h  p. (] i r t

nt , “ i i  p t  r’ m i m i  t i .s LI ‘mn r I r ’ar

(b ~ . ‘ In :, : ;‘ i v c n i  e ’ iu at i o n  i s  m’ ’ t t m  I ‘in I m p t . I n  f’ i r u ’ I i m m m ~ X in

T - i ’  ‘: - ‘ r  r ( .‘, 
~~~
. A n let ; I I - ; !‘ is  i n v n r ’ L i h l e i n  hi  ( p~ 1. it i~

a ‘, t tm i ~~i. in l m i . ,
~ 

( A t . :;~ I — F is nfl i n v e r t i b l e  n . a t . n ’ i x  an’! there

in  a u n i ’m u e  ;‘ o l i i t i o t m u . ‘i S

( )  1 n ’ 
• 1’;’ I rm ‘ e’ ’Il na .m’ ,v ‘ I I  t ’f ’ r ’r’ n nt  I ‘ ‘ I  c u t ’  1. 1 otis • I v’,mn ti m e

“ i i ; ” ’ I ’ m ’  ~ 
I , , 

~ 
mm , s olv e  I ’ m’ 

~

‘ l i t  I i i ’  mm I r r i t i  ti itm • ’ i ~~~

~, i “ ‘ m m ; ’

- it - . . . — b y 4 ~~

ii
m i — i

Tim e c ]rn ’ : ’’r t ;’ ( , I ’ I i ’ (~~) ~in  i i ’  m l i i i r I I I 1 ~~~~~ I 1  i i , : .

l ’ ! I l ! ’ l ’ l ( ’ t J .  ‘l ’ V ’ ’ - :: t m I , m ’ i m ’ i f ’ I l !  I , ~ 1 r e m ’ ’ ’; ’ ’ ‘ p 1 1 m m ’ t m ,  t h e n ’

i’ m ’ : ‘ ‘ ‘ ‘ I ’ ’ : ’ ‘ I ‘ m l  tm ’ v i  I I H ’  ‘ :m ,I l ed  I F ’ ’  1, 1 I i : ’ ‘ r ’ ’ I I , ’ : i  t m ’  I , in ’ ’ I

n I L _~iLL~t. Lr~~I ’ I l y H F

h,; ’ i ’ i ’ ,’’ ‘p ;j ,  (‘ ‘ i p m ’ , I  ,‘‘ I i n ’  I mr’ In  i ’ m ’  1,1 ‘ ‘ii t , t ’ ’se which

a l~~j t  a t ’ r ’ t, ( ’ m ’  ‘ ‘ t ,~ çjfl mm r”  
1 

, W I  ~h p ( ‘
~~ ~~~. q “ i irt l t. . Also ,

a 11:1 sr i  ‘Ii  m m ‘‘ in i t  m I m I , , ’ ’  I ‘ ‘ tm I , t o n ‘~l ‘ 
W i  t i m  tm a r a t i o n a l  map .



H , ’ i ,  ‘ ‘ ‘ ‘ ‘ ‘ i i  I ’ ’ ’  1 m m ’ ’ ” mi  : i n  i~ A I 1~y t , I p ’  : m ’ j ’ t m ’ m  “ m m - un ! mm -

‘
I •~ m ’ • mm ‘ i’ , : A A I , ‘ u I  mm m l  ‘ ‘ ‘ i n ’  f y  m x  I. ’ ‘ m i i i mm . 11 j  :m l m m i ~~ ~~

p f ’ m t i n m m .  ma ’ n i ’i i  I l - i ’ ’ r : ~ j f ’ ; :m ‘imir l  5 . a t t ’ I  hence  ( l u r k  t m I 1 s O  of

L i : ,,( ,~ ‘a ‘ “  : ‘ m t i ’ m ’  I i i  “ i t ’ - m u - i 1 t ~) 
• t i m e  l ’ r ” ’i so nwm’ u m u I m u ’ be i n m i ’  clear

1’ ‘‘ i ’ m  t im ’’ c” ’ mm ! ‘ ‘ : m t  , , 1” ’ ’ ’ ’’’ ’ ’, it ’ I ’ , ’ , mu h i — } m oi n ’ nmtm ’ m ’ ; l  i m : n r i  I’ : A
1
~

w i l l  ‘ u ’  n i l  !“ I ‘ a m u m m I i n 1  i n t ’ l ‘.-.‘! r ’ r tm  em ” Iu y t ’n r ” h i n : t t e  i : tm ” p l ie !o~i~~ to

( t i me n ’ I C r’”; t e n s  j on; :  of ’ 1~ (~
/

1’

1 ’
—

‘I ~

I

Il 1 ~~~~~~~~~~~~~~~~~~ &~~
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~~
“
~~
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— —



S m - ’ ’ ‘ - ‘n itmo ’ ‘ V  ‘ ‘ m m , ‘ m t  i I s , : ’ ’ m ’  1, ion  t b  m~ t, P 1m m mm I rmte~,r:il

F m ’~ i i ’ : .  ‘ 
. ‘, , , , ,~~ ,‘, ‘ iF m l  I I - r m ’ i t , ’ “ l :’m ,y : m m i i i  ; ir l mit r ar y ad ,mmj szj b le

t m - I L l s ’

F ‘ r • • • in P 1 
~~~‘ 

u “ m i - b  p a 
~
, I

a 
5 0 .1

I rm ~ ~ ~ ‘ - ru  I , 1 , t~~r t ( t ,, 1’ ’,’ p : a I a I • • • ~~ 5
It  — ‘ mm o I n

H’ ” m ’ i : I ’ ; ’ j ’ m m f , ; o f ’  mm i n  r ’ . f lh nn j - ’,’m” t h at ;  p ( O l  a ‘~ p ((’’r , so ( in  H r  (~~) 1 ’)
r I ; ’  i u i ’ ,’ e m ’t i l ’ l , ’  i f ’  ‘ ‘ r i - i  ( P m ! ’ -,’ i f ’  r i s  m m u n i t , . ( iv’ n an a rbi t rary

i t  i m : i~ • i t  l i a r  i : I s I :; ’ I f , in e :”ny to see that

if I a ‘ ‘
~~~ 

, a , , ~
‘ 4 • . . Umm :’n C a ‘

~~
l ’

~ 
‘ ( m

1 1’, ,  n , b
1

) 1,
2 

+

‘ mm m i i~~i t ~~~ m i t -  ‘ ‘ :  I’ I f’ j n  a r i r i i ~ enul oinoi’ph i sm Of 13F ( u )  I
m e t ,  I t ,  in I nm iert ,iv ’~, I’rm rnm j~ e it has no ;‘‘mi’o ‘I i  v i S i t ’ S .  Moreover ,
‘ ‘j~ mu (~ 1 , f’ i s  a l so  causal  , no ‘ ‘ i n d u ce s  ~an

Vm i m m ’ n  of i~~ (~~ t . II’ 1’: A m 
~, A nm i s  ca u s a t  r a t i o n a l ,  d e f in e

I 1’ ,’ m m u u l ’ s t , i t u L i r i ~: i n  ear l  ooc ’r’ m I i , n , a,te .

~mm i n  B I ( 1 .~ . Thami  ~A ,  II , s ’ is  ar m

mm - i m ’ S i i  , ‘ t tm I p I ’ m .

1” ‘ ‘1 ’ • AI ~’r ’i ’i ’ai n in ’l ep e n de r i re  o f ’  mm i n  m l  c ’ ’u’ . Let now p

in PHI be such that the element p (O) is a unit. Then

hi ta ‘ 1. 1 rL’’ lount  m m I i m ’ v i m m r ’  that (‘or e ver y  it  1mm A there is

I i i i ’ : ‘~ 
mm I I i i  p , v nit • l ’ u i t ;  I - l i  is  fol .1’ ram’ (‘rum t,1~ (‘ mmi i, th at

m’ai j m m tm A ‘‘i i i r ’  i s  mm I somm’nhizm in I’ , mu’ I~ I nA~ • 11

i’ h l ~ I ’ I  t b . 1’; : I’ i - i  H F  (~~, u l , ‘ l ’ m t ’i ne  Llam m ’ a r i k of f ,

m t  f’l . a;’ t,,ii’ m ’nmoI ] l e n t , ‘ I ’ L i i ’ i un i b c r ~ r I ’ t m < - ‘t ’’~ p . ‘ u n f t m i )  t o m ’  mml i

w i t h  p. ‘ 1  i n  ~~~~~~~ p ii ~ I ) .

! 1’ i n  ‘‘ r u r m i  nv: ‘ ‘n 4 , ~ I “ ‘ ‘i , i o r r  d o ma i n .  t , l u i ’ n  t i  u ’ - ’ ’ u i t m ’v e mrd n imn uni

“ ‘ t i n  I ‘l i m ’ ”  I I ’ ,’ f ’ r ’ mm i ’ ’ p I i’ m’ s ’  Im v ’ i h l r  t ” ( ’ t , I o ’ l m : a t , j ( ’n  of’ 1.

- 
• ~~ ( I m . ’k ’  ‘J A r  P I i .  P, : m s n , ’ fl i ’ ,’ t.! u ’ t; I ’ r i m 1 I F , wi t iu

a 
, , , ‘‘ ‘ i n  I ‘r i i  I • • I J , a I ’ ( ‘ . ( i von

u ‘ :-: i r ‘1’~ ~~~, mm n )  I . deli  tue 1 : ~~ ~

u

ti
m

n m
s

k_ f l  
• • . +
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‘ I 5 • “ mia mi: F 1 m m  Liue t~ m ’ i ’ ’ u i ,e;m L

‘ ‘ I ’ i ’m ‘ ‘ i  m ’ . i t  i m m m l ’ ’ ” ”  f ,}tm m i I . f’ I t ;  , “ n i l  a mm i m ’ m J !” ( ‘ml ! m u ] n ,t  ion

::i , ”,’ m  l i i i .  nm ” ( ‘ I ’  ‘a , t ” i ’ I,; I F m mmx I I ’  ‘a r , h ’1 ’ ~ 1

H’ -’ F a r ’  m m  r ’,’o’t I } mcf l  I ’ l l “ I 
~
‘ ‘ ( [ l i’ m u ~ , A” t , m u ”  I I ,’ , r u sT’s i s

t m ’ : ’ -  i n  ‘ ‘ I ’ , i i :  1’’ ’ m ’ t ’ ’ m t  H ‘ I I  ‘ ‘ ‘no :
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‘ ‘ s F  ( A , 1- , I — m: j:’ m u m : : . 1 mm , > T ( ’ ~~ 1 is  m’m l m s u m n u j m u i j n m t l .

1’- ’ ’  ‘I ’ ’ , I I - I : ‘ar” 1 I 1’, r i m ,r.’ imm t}i~)t i nm i ru I ru t ’ , )  i ~v for any  m : ’j m; tern 0
u ’ ,’~ -m’ mm I’ m ‘‘Id i s  - m ’ p i  l v i  “ m i t  to th i s  r e i ,’it io n r H ~‘(  1’, ,
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~
‘ ‘ a H ‘ i i ’  a C - r (s I r t ’ ,~

‘ m m ’ I t m u m ’ ‘ 1” . “' . i - . ‘ I

. ‘ m ‘ 111FF ‘ V H F ’ . As. : ’na ’  I i a a s u ~ ri p l ct a 1 y_ im u t . e~’ m ’ a i ! : , ’_ r l o~~~m 1

a ’ m ’ ” i n .  F l m ” , ’n F r ’  I Ti , tm : - m: :~sL ’m n  1 
~~

. , , . there  i :~~~~n i

I t a l ’ F l ; i m ’ S L m O ’h i r ’ m H ’ ’ u  i ’ i ’ u u : : t , r u i ” t s ’, such that 
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input 1’ ou t p ut  behavior ut s  IF, , or u le cides that  no such exists.

6’ n ; .  1’ ’ . A ‘ t i m ’’’’ I , ‘ ‘ ‘ - u , n ’ ” a m m e n ” e  ci ’ F ‘a ‘ V I  A l l Y  ‘ A . ’ ’ .~ 
-
‘ i i ’ g is

‘ - m t m u ’  . ‘- ‘  , ‘ .‘ r ’ ‘a I I :‘ ‘ m l , I ‘ ‘ i t  a 1 F 0’ 1 t ,i mni ~‘ \““s mm ‘ w ~i tim I’, . - C..

-
‘ , 1 ’  ‘ , F ’ ! ’  !,‘, ‘i h F , I i i  m m ’  , I ; , ’ ’ ’ ’ u : : ’ ’ ;m , wr m nui (Tb m I t,’’ u r i t .  ‘m s t , r n u v ~em m’esu l  t .

I’ ’ ’’ r’.’m’ ’ j t i ’ ] ’ ’ . I i i : ’ ’  l it ’’ ‘brml ’ ’ ’,’ — ,i i l ’l ’r’y’p nit.I m , I ‘ ‘: ‘:m ’ ’ , w i t ’ ’ ’ ’ ’ ’ Ii i s  ml f i n i t ely

a -ni ’ : ’ ‘ i f  m ’ u ~~~~ o’;’’ r ’ a Ii ’ ’ I ‘I K ‘ h em’ s . Hi ’: r e a l m :  ‘I , Fr o m  H ’ . m

m m ’ ’  k n u ’ ” , ’m I ’ ’ ’, . ’ t ,~ ‘fr m ” I ‘ i t  i i ’  a u ’ i v ’ ’n  ‘l”tm I ‘ m y — d i l l  t m m ’ m ’ m m t , i m n l m : ,y st . crn ‘ u  can he

“ nm i n - m u tm ‘m ‘ ‘ I ” l v  l ( u P  ‘i s ’ ’ of ’ mu : m y m : l m ’ ’ nm m ‘.~~ mm ii i m ’ o m i r m e r l ’ , i o n m :: i n  i~, i .e .

m m ’ I r n I  f t  a; ’ u ’ l .! “ i ’ ’  ‘,‘ l : u ’ ,’m : . Bu t, we r n i 4 ~, l m t  want ; I, ’ :mn k w i m e t h e r  t ine  same r e su l t
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Ti ,” sv n l  ‘ ‘ r ” ’b ’ ’: : s ” i ; mt, j rm ~~ : I m i  H i”  p r e v i o m i .’: s”cL i o m u m ’ I ,  1 a l l o w  expl icit .

- m a 4 i s m u  H ’ t I  r ’ m ’ ’ , n a i m a m l y  p roper t ies.  l i F e  i’ea ’ i m a l - m  I i t y ,  cannot hi’

‘‘v ’’ m I .  ~‘ l ‘ ‘ 1  in  t , l in t m ’ e m t ’ ’ i ’ ’ i  ii l ,v . We sh ow muow o s ’  way of I m i I  m’s i m J r i n f ’

F im ’ ’ ’ ’  i i i  - ‘ m i t ’ ’  I ’ r:tr ’,m ” wn m’i :

( 1 . 1 )  “T ’~ - ’T m - fl ’ ’T’TOIJ. fm m a u m u u i i T has l eft  “ ( ‘m ’m lf l Orl  — I i v i n m u t t ’ s  1f f  f’or each

~ i n  T the?’e~~ n’ e’l ‘r in T an ’]  ri , i i  in  T : u u u ’ h i l , i m , at  t ~~~~~ 
t m j  ‘~~

‘
~~

(1 . :’) ‘ ,‘F H P T J T T F . ( 1)  T : ’~ any ~ romnp .

(‘1, 1,) T :=  any  A — s e r u m i l a t t i c , ” , w i l l u x~’: - xAy; in pa r t i cul ar

a r t  f SI mm l ly — o r d e r e t l  set T, I ike t he  reals a m ’  the  i f l t , i ’ Ci ’/ ’n

I ’ ’  w ‘
~~~ ~‘01 lows . ‘i’ is a m u  a rb it rar y  l i m i t , f’i x m l  c-e m i l - I  ~as  a i ’ a v r ’ , an i k

i s  a ‘ xi ’ ‘ f i e l d , ic ” k deno te  the :met of a]], t ’mu ~i u ’ t ions  T ‘ k~ t I :is

‘st H’: n a ‘in t m i t ’ n  1 k I  T t — r i o - u i ]  e s t ructure, ui ’ i r ’ms l y ,  each t I n  T acts as

mm s l ;j  ft .  ‘ t m  m ( ~~~)( ~~ ) : “  w ( n l ) .

I ‘
~ - i ’ F  I t m I T T T O U . (A • fl , r’ ) is a t ime t r i p i e  1ff’  i t ,  i n ,  a ’Im: t i s , s lb i e

~~1 t ~~~5 I T l _ u iu o u n l , of ’ k F a m l  H u a i i i i ;  i t  i lul k l T  ( A )

TO” ‘,I- ’”/ i ’ 1:: of ’ course lus t -  a way of stat,inr that mm m m I all operators

i ’ m  i’ “~‘ s i ’ j  ft — i r iva i ’ ia nt . ‘t ie f i x  now (A , B , m’ ) as a l - a v e .

( t . ’~ ) ‘ V m ’ ! u I I ’ l ’ f C F l .  li ven  a n  (A . B , t a )  m ; y a l ’ ’ u h  II (i’ , F , I I ) ,  let

REA CH ,,  := x in 0 ” , x ( i,. ( w ) ( t ) ,  ‘a in A St
, t in T

IF in j u c i n l w i m m e  reach able  1ff ’ REACH,,.

( 1 . ’ ) 1,F ’A’T ’,A .  REACH ., I : ;  a mm ub sp a ce of

I ’V ’ , (Y)r~. I~~f, x L ( w ) ( t ) .  y L(w ’ )( t , ’ ) , ( ‘ i~~~~i 1~~~~~p ‘m , a , b as in ( 1 . 1 ) .

‘J ’) te ru m x ‘ y = L( p ” :  (w ) - m - ‘ 
1 (w ’ ) ) ( i ) , for  u m n y  cm i i i  k . u

( 1 . ‘ ) T 1VV .~cV H ~ I . IF is p o im mt .wi s e  m’eachab Li ’ i f ’  ru m I c m i i  y I f t h e re  is~ no

v i n  ~:m mm usIa t ,i m m ,  I,

n- I
( ) v ’ C” , FTh . .•  , F 1] ’ -

PROOF . As sum e tha t  h - 1 ’ ; ACbI ~. / k n . Then t lm em ’e exlst ,s a v In
n , m u r l m t ,F ’ri t, V ’ m j i ( ’ V { , ,  C~ her  v , w b u s ’ m v 1mm t’f’t! ’ut”lO ’I as ci c u a p  k ri 

‘ I c .  Let

F v t m i ’  f t p  constant  func t ion  v ,  i . e .  v: A mm 
~A , ~v x ) ( t ) : - v x ( t ) .  Then

( ‘ ‘)  0 -
~ v ’ T ,, ‘~‘ ‘( i  — , 1 )

1 , 1 1 .
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‘ m ’ - i  H o n  Th eorem ,

( 1. ’ A P i’rJr AT T ,OU~] . Time above f , V u i ’ o m ’ mrr :  m ’ I ‘ ; ‘ ‘mm a m i n i  f l i ’  I p tm ’ ’ ”  ml ’ ‘‘I’ the

w m ’ l l — k n o w ’ i  r eac }ual ) i1 i t y Cl’] t’, r ’i ’ia t ’ u m ’  b ’ ’t lm eornt , i n r 1 ’ u m u m m ~ a r m  I ‘ Ij : :m ’r e t e — t i r ’i ’ ’
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1 m i t  “‘ ( ‘ i ’ m ’  I I a exai’:p ] e ~ 
1 , . F’ aim - I U ‘a m ’ ’’ pa1 yu m s m ’ -  I ‘a 1 ’ - um I , r I I ’ ’ ’~~: • ince

~~~~~~~~ 1~~l i s  :‘m -’m’o i f f ’  ,‘‘t ” t ~ of it;:: coe f ’ f ’ I c i e m u t , m r  is s’’’’’ . (~ ) can

‘sc, 1” .-‘x l”m :se’l , — l u  -a r ath er  invo lved  way ‘. , — ‘as a r am ’k cor u d it i o n

on co’: n l . :m ’ m t real m at r i c e s .  Tn the latter fonn , a speeia~ case (r = 1,

: ‘ -  V ‘~v I ’ m  ~~, ar m I no d e l a ys  in c,) wa s known hmef ’ or ~~; see F
‘I
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